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I Matrix Methods in Differential Geometry 


hot 


Let a rectifiable ourve K = x(s) in Euclidean m-space 
E" be given parametrically by the coordinates x, (9) of ite 
points with respect to a fixed orthonormal coordinate 


frame a, 


Ley, » A curve K is of class Cc” if each x, (8); 
i = 1, «oc, m has a continuous derivative of order n. We 
take as parameter s the arc length along curve K measured 
from a fixed point O° 
Denoting differentiation with respect to s by a 
prime (') and differentiation with respect to some other 
parameter, say t, by a dot (°) we have 


lemma 1 If on a c! curve x(t) we take ae parameter 


. 2 21¢ 
the are length s -{ { &,(«) + see + 6 (u)*] r ap 
t 
o 


then the tangent vector x' is a unit vector. 


proofs 
‘. ax dx at I : 2 2 (4\21 -E 
x! id Fs - as Ge ca ° [ %,(+) + eos + % 6%) J 
x(t) 
= x(t) a unit vector. 


|()} 
From the fact that two vectors are orthogonal if 
their inner product vanishes we have 
lemma 2 The derived vector a'(s) of a differentiable 
vector a(s) of constant length is orthogonal te a(s). 
procf: By hypothesis ‘a(s).a(s) = c 20 


a'(s).a(s) + &(#).a'(s) = 2 a(s).a't(s) = 0. 
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We now define at each point of K ean orthonormal 
coordinate frame (called the moving m-frame) aw follows: 


Let @, = x! the tangent vector (a unit vector by 


4 


lemma 1) and let 


@, = k,@, 
é. = ~k,6, * ko, 
(1) 43 
' 
Sant . . re 7 ae 
a - . an na 


3 
In the first of equations (1) @, is a known vector 
(which by lemma 2 is orthogonal to @,) and the convention 


k,? 0 determines the dir€ction of @,: The requirement 


“wN ~ 
that 8, be a unit vector detarmines k,= [@,|. 


Now assume that the first i-1 of equations (1) have 


been solvad for kay eens roa and the vectora oy eees @, 


are an orthonormal set. Consider the * equation 


cose om aN “~~ 
@, os wk, 485 4 + k5@. 44° e544 must be «= unit vector 


at ~ “4 
and k,7 0 Bok, = Jé, + B28» | « Forming the dot 


product of @ with each of Cy» esey e,: 


i+1 
“\ ~N 4 “a ’ ~ “” . A A 
@544°8, = k, (e, + ks 4524) 98, = O since @, , and @, are 


orthogonal by agsumption and @..6. = 0 by lemma 2. Now 


A ma. rs 
9, «»O if ij se oF he 


i 
“~*~ 1 “~ ™ ~ “on ~ nN 
2188s Gage FP; 7%. MPG Hg” (RD. Ee ys) 





4 “~~ “~ 1 wal? k —~ “~ 1 nN at 
mr x a 
“a (58 ei Pyel EYP gun? «°° 
“a . ry: PA 4m fi a 
80 @,., is orthogonal to Gis coor @, - Thus the firat m-1 


of equations (1) do iff fact give us an orthonormal m-franme 
and m-1 uniquely determined positive quantities kos L=1,.ce Mt. 
We need only show that the ae equation is consistent 


with the others. Since ey eoey On SPAN the Space ¢”, 


nee a~ “~ “~ ont “~~ 
mm 848, toes + Be, + hc ae O by lemma 2 
] 
= . “nw .o — ee cy a, + < 
SO & 0 en F 0 en e, + ¢@. - for j<m so 
wg -t™ < an za - J™ k an k 8 ) 
‘ta =a -e + (- gat egar * ¥y% 544 


> 


mB 
" 4 
-¢ ok 4 en = oe en if jon 


Hence A, Hoos = B = 0 and » = wknd giving the 


n=2 
Pm -_ 
desired equation @, = er ee 4 
Since 4, | 6, (s) 

: and | ° are both orthonormal frames, 
fe @ (8) 

there is an orthogonal traneformation A(s) such that 
@,(#) - 
of = A(s) .' e 
(2) i. 

4 @ (s) e (s) 


= A'(s) a = At(s) a7 '(s) 


xO 4 3 (8) | 


The product matrix A'(s) a7'(s) is called the Frenet matrix 


Then 


@> ee 


and denoted F(A). Concerning the Frenet matrix we prove 


two lemmas: 
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lemma 3 F(AB) = F(A) + A F(B) a 
proof : F(AB) (aB)'(aB)7! = (A'B + AB’) a 


= A'BB7 a7? 4 aprp7 ay! 


2 Ata? © A(BB? lan! «© F(a) @ w PB) av’. 


lemma 4 If A(s) is orthogonal then F(A) is skew 


symmetric. 


proofs: ava =I] since A is orthogonal. 


| “ 
Differentiating, a A + a‘at = QO. Right multiply by A i, 


= ' 4 a 
left multiply by (a*) 4 and note that A” « at’, ca”) “* (A Ny? 


and (AB)* = p’a* giving 


t-1,%! sn 


Pe ss oe aa cata7'y* +A'AR oO, 
hence F(A) © = -F(a). 
By equations (1) we vee 
é, 0 ky ) ole me 0 1 
b~ (Yeni /r Ko moe 0 | ae 
ae; ; ; : 
“A . “A 
©. 0 0 ees ~k 0 6) k m1 eo 
é 8) e e 9 QO a 9) @ 
ia m= 1 i 


which displays F(A) explicitely as a skew symmetric matrix. 
The k, (8), 4 = 1, seocy m1 are called generalized curvature 
quantities. 

This is the usual form of the moving m-frame and 
Frenet matrix. In later sections a slightly different frame, 


to which this discussion applies, will be used. 


Example 


For m= 3 we write G, = * tangent, e, en normal, and 


aA 


@, © b binormal. Equations (1) become 


D 
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t! = kf 0 k(s) 0 
nt = -k,t +kb and F(A) = (-k,(s) 0 k,(s) 
bp! = -k on fo) -k,(s) 0 


A mapping x—7RX + b is a Euclidean transformation 
if R is a constant orthogonal matrix and b is a constant 
vector. Two curves are convruent if one ie the image of 
the other under a Fuclidean transformation. 

lemma 5 If tow curves Kae Ke differ only by a 
translation, x,(s) = x,(s) +b, they have the same 
Frenet matrix. 


proofs t, = xX, 


is determined uniquely by the tangent vector and equations 


—> 


os Xo! = to. Since the Frenet matrix 


(1), they are the same for the two curves. 
lemma 6 If two ourves Kas Ky differ only by an 
orthogonal transformation, x,(a) = Rx, (s), they have the 


game Frenet matrix. 


. 

proof: In the fixed coordinate szysten 34 i, 
 «\RR 
a* : 
Jn ou 


the moving m-frame of x,(s) is given by. 


A » 4° 

@ 3 

ie Uc akon ene ee 
x @ ~~. 

es Je od 


F(A) = nn ')+ ga7")7 = OR ee we HRS” F(A). 

W@ now prove @ unigueness theoren, 

Theorem 1 Two curvee Kay Ky have the same Frenet 
matrix if anc only if they are congruent. 

proof: The "if" part follows from lemmas 5 and 6. 


Let K, and Kk, have moving m-frames given by A(s) and B(s) 
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respectively. Since the orthogonal matrices form a group 
there exists an orthogonal matrix C(s#) such that 


B(s) = A(s) C(s). By hypothesis F(A) = F(B) so by lemma 3 


4 


A F(C) aT ew Ovee F(C) = C'C”” = O. Thus C is a constant 


matrix. Hence K, can be "rotated" by an orthogonal 


1 


transformation into K* such thet the tangent vector t 


1 1 


of is is everywhere the same as the tangent vector t, of 
ou 
Kae Then K, is given by 
= —_ S ——- 
x¥(s) =, + 5. t, (a) du and K, is given by 


s a 
(8) =X, + 9 (4) ah « %. + . t,(u) du 


—> as ear as % 
BO x*(s) - x5 (8) = X4, 7 Xo, is constant. Hence K, and 


K, differ by a translation, Ky and K. differ only by a 


2 2 
translation and orthogonal transformation. 

A matrix K(s) is continuous if each element k, ,(8) 
is continuous, and bounded by b, [Kk] <>, if each element 
ie bounded by b, [x 41< b. If K(a) ig continuous on a 
closed interval, it is bounded on that interval. 

We now prove the fundamental theorem of differential 
geometry. 

Theorem 2 Given any matrix K(s) continuous for 
a: BS Sas 


Mand point x(#*), there exists in FE” a unique curve & 


any a*, *< e* < Bas and any orthogonal matrix 


passing through x(s*) having 3, 
Mis as its m-frame at the 
rm 


point %(s*) and K(s) as ite Frenet matrix on some 


interval about s*. 
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proofs First we find a nonsingular matrix A(s) 
defined on the given interval such that K(s) = F(A(s)) 
and A(s*) = I where I is the mXm identity matrix. We 
solve the matrix differential equation A'(s)aq7'(s) = K(s) 
with initial condition A(a*) = I. We write At = KA and 


solve by successive approximations 


A,(s) = I 


A,(s) = I + .. K(u)A, (a) du 
Pe 


® 
t 
@ 


8 
. K(u)a, 4 (a) du 


Ay (8) =» I t\. 


a 
e 


The continuous mXm matrix K(s) is bounded on any 
Closed interval about s*, | K(s)] ¢ b. Then by induction 


| x*(s)] < x SE". Adee by induction we heve 


ie 
(2) [ay(s) - A,_,(e)/ < w®otp* Leas 
since | 4,(s) - Ay(s)| ¢ 7 | x(u)| du = bis-s*{ and 


assuming that (2) holds for t, 
| 8 | 
| Aean(s) - A, (8) “IC K(w)/A, (a) = a, _y(u)] au 


é mbm” 1 ( i us * —_ mp?" | g-8* 


be t! (t+1)! 


so (2) holds for all t. 


The expression on the right hand side of (2) is the 


641° term in the Taylor series expansion of = e 
Lim 


which converges uniforuly. Therefore A(s) = t-@ 4A, (s) 


mb | s-s*/ 





exiats and satisfies the integral equation 

3 
(3) A(s) = 1+{ — K(u) A(u) au. 

5 * 
All the functions A, (8) are continuous, being integrals 
of continuous functions. The convergence to A(s) is 
uniform since {s-s*| in (2) can be replaced by the larger 
constant [s,-8 | - Thus A(s) is continuous and differentiable 
so A'(w) = K(s) A(s) as desired. By construction A(s*) = I. 
The determinant of A(s*) is unity, and the determinant of 
a matrix of continuous functions is itself continuous so 
there is an interval about s* in which this determinant 
is greater than zero and A(s) hae an inverse and 
A'(s) a7'(s) = K(s) as desired. 

By theorem 1 the unique solution of B'(s)B7 '(s) = K(s) 

with initial condition B(s*) = @ ie B(s) = A(s) M since 
B'(s)B7'(s) = A'(s) mu 'a7'(s) = A'(s)A7'(s) = K(e). 


Now we show that the moving m-frame Og 


B(s)/ ° 


m 
determines a curve kK. 


Ye have everywhere in the interval of definition of 
B(s) the tangent vector e,(8)- Then 
8 
x(s) = x(s*) + “a e,(u) du gives the curve XK. 
K is unique since any other curve having K(s) as ites 
Frenet matrix is congruent to K but the given WM and 


x(s*) single out one curve from the congruence class. 
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II Connection of Elliptic and Spherical Geometry 


Fucliés five postulates are 
i) any two points determine a unique straight line 
ii) a straight line say be produced to any length, still 
e straight line 
iii) a circle of any given radius can be drawn about 
any given point 
iv) all rignt angles are equal 
v) the parallel postulate, equivalent to Pleyfair's 
Axiom: through @ given point one and only one parallel 
can be drawn to a given line. 

If these are modified as follows 
ii)' a straight line is unbounded 
iii) a circle of any «iven radius less than 5 cen be 
drawn about any given point 
v)' any two lines in a plane will meet 
we heave elliptic geometry. 

Yor a rigorous axiomatic development one also needs 
Hhilbert's axioms of incidence, separation, congruence, 
and continuity (see for example Coxeter ({1] pp 20-23 or 
Wolfe [2] pp 12-16). 

It is easily seen that the postulates i), ii)', 
iii)', iv), v)' hold on a unit sphere in Euclidean epace 
if we identify antipodal points, coneidering points on 
the sphere as glliptic points and great circles on the 
sphere as elliptic lines. The elliptic plane, or sphere 
with antipodal =r identified, is equally well 


represented by # bundle of lines in Euclidean space, 





Ll @—=~—_ mh 
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considering lines of the bundle as elliptic points and 


planes determined by pairs of lines as elliptic lines. 


Either of these representations s«eneralize readily 


to higher dimensions. To interpret elliptic concepts in 


terms of Fuclidean concepts we simply translate according 


to one of the following dictionaries (which are restricted 


here largely to one and two dimensional features): 


elliptic m-space 


mh 





point 


line 


plane 


line segment 


angle 


perpendicular 
lines 


triangle 


circle 


rotation about 
point P 


distance 


etce 


surface of Fuclidean 


(m+1)-dimension 


sphere 


pair of antipodal 
points 


great circle with 
antipodal points 
identified 

great sphere with 
antipodal points 
identified 


arc 


spherical angle 


perpendicular ares 


spherical triangle 
small circle 
rotation about axis 
through antipodal 


points 


length of are 


@tC. 


bundle of lines 
through O in 
Euclidean 


(at+1)-space 


line through 0 


plane through 0 


hyperplane 
through 0 


angle between 
tro lines 
dihedral angle 


perpendicular 
planes 


trihedron 


right circular 
cone 


rotation about 
line through 0 
angle between 


two lines 


etc. 


The representation by Sucliiean (m+1)-dimension 


sphere is the intersection of a unit ephere centered 





at O with the bundle of lines through 0 of the second 
representation. We will take the surface of a (m+1)- 
dimension Fuclidean sphere as a model of elliptic 
ck 
h-space we 
A variety in BE" will be any k-dimensional subspace 


os generated by a set das Th) ay fk m orthonormal 


vectors concurrent with 0; an (m-1)-dimensional variety 
in FE” will be ea hyperplane, a i-dimensional variety in 
ge” will be a line. 


Two varieties pe and gt are orthogonal in ge” if 


every vector in the set ‘1,, sees dy generating eX is 


either a linear combination of vectors of the set 
1 


mA 


Jq9 sees 3, generating E~ or is orthogonal to all the 3's. 


A k-dimensional s-variety g* in S” will be the 


4 


intersection with the unit sphere in bot" of a (k+1)- 


dimensional variety in . A s-hyperplane in s” is a 


(m-1)-dimensional s-variety, a s-line is a 1-dimensional 


s-variety. Two s-varieties g* and s+ are orthogonal in 


k+1 L+1 


af the corresponding varieties §© and £ are 


5 
orthogonal in a*%, 
A k-dimensional s-surface (curve, hypersurface, etc.) 


in S" is the intersection with the unit sphere in ae" of 


a (k+1)-dimensional surface in et’. A kedimensional 
surface in FE” is represented by giving the ccordinates 
of its points parametrically ae X, (Uy 2eeesdy)» 161, se gs 


Where confusion will not result we will use simply 


line, hyperplane, etc. for subspaces of 3”. 
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Theorem 3 In elliptic space “ee m2z2, the lines 
orthogonal to a hyperplane <—- are concurrent in a point 
P at a distance = fron each point of «<. 

procf: The case m=2 is proven in Sommerville 
((3] p 88). Phis case is easily seen by looking at the 
ordinary sphere in Bs ell great circles orthogonal to 
the "equator" meet at the "pole" which is distant = from 
the "equator". 

Assume the theorem holds for m=k, consider in al 
the k-dimensional hyperplane <. Consider a (k-1)- 
dimensional variety L in <. The lines orthogonal to 
through L form a k-dimensional variety sk so by hypothesis 
these lines are concurrent in a point P distant L from L, 
hence distant 5 from <. Consider another (k-1)- 
dimensional variety L' in 
distinct from L. The 
lines orthogonal to << 
through L' are concurrent 
in a point P' distant us 
from -<. But among the 
lines orthogonal to -< 


there is one, 7, common 


to both L and L'. Both P 





and P' lie on A distant 5 


from s< so P»#P'. Thus all 


ree 


lines orthogonal to « are concurrent in P so the theorem 
holds for m=k+i. By induction it holds for all m. The 


diagram iliustrates the proof for the case m=3. 
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The point P is the pole of ~ and ~“ is the polar 


of P. A s-hyperplane -< in 3" corresponds to an m-dimen- 


sional hyperplane in ee" The pole of << corresponds to 


the remaining orthogonal direction in sale i.e. the 


polar of a point P of ia represented by x is the 
intersection with the unit spkere in ght of the hyperplane 


orthogonal to x. 





III Duality for Curves in 5° 


In equations (1) part I let e, = X, a unit vector 


(since it is on the unit ephere). The arguments of part 


I apply for any choice of e, so long as it is a unit 


1 


veotor. Then @,' =» x' is the tangent, a unit vector by 


lemma 1, so k, = 1 and @, to 6 form an orthonormal 


1 m 
m-frame with Frenet matrix OD i) a 0 
a @) Ky ene @) 
0 es @) Kn? 
0 eee O ~k 0 e 
m2 


In elliptic plane geometry the dual of a curve C 
is the envelope of the lines which are the polars of 
points P of C. On the model in 2° this is the intersection 
with the unit sphere of the surface which is the envelope 
of planes dual to the points of C. For point Pex on C the 
dual plane is, substituting plane coordinates for point 
coordinates, ¥e = O. A point on the envelope must also 
satisfy FR! = QO. In pn? we take e 
3 as the moving 
m~frame so the curve dual to C is traced by the vwector ¥ ’ 
Fan since it is perpendicular to both x and x’. 
Quantities related to the dual curve C. will be denoted 


by a subscript n, quantities related to the curve C by a 


subscript x. 


x 0-14-50) tm 
(1) 2 fx} a f-1 0 K}} ee 
we 0 =k, 0/\ ii 


where e is arc length on C and KS. is the elliptic plane 


curvature of C. 





Denoting the determinant of a matrix whose row 
vectors are a, b, c by a, by C we compute x, x', x!! 
where the prime denotes differentiation with respect to Be 


a, @'; a'' » “ke, &, “x+k n 
= Xy x', =X + Xs , kn 


~ k, X, x', n & k 
since a determinant two of whose rows are proportional is 
zero, a determinant all of whose rows are unit vectors is 
unity in absolute value and for a right hand system is 
+1, and x'' is obtained from (1). The curvature k, of the 


dual curve is given then by 


k = n an an 
“hn > ds ’® ds 
Yt n 
eS “a, nn” “¢ at! 4 _ 
3 de 
= nm, m', wm! where .—— 
ds, 


and sis arc length on the dual curve C,. From (4) 

ie = ] 

n k x 60 

m'' = wk ‘x! = kw! ! @ «km 'x' + kx = k on 

x x x x x 

s0, dropping terme which are multiples of previous rows, 

i | 3 oe ? = = 5 2 ¢ é 2 3 

kn Hi, kx ; kx k Hy &" » ax ey 
since interchanging adjacent rows changes the sigh of a 
determinant and x, x', n = 1. 

The dual of Ce is traced by perpendicular to both 


x and n es before 30 = x', i.e. the dual of tho dual 


of C is C itself. Thus 


<< 3 ds. 3 ~< 4 ds. 6 ds. 3 
x n ds x ds ds 
x n x 


If and k are non-zero we can cancel obtaining 1 = k,? 3 SO 


co 





-t =r @& — wee 





= -_- © 
A » © ~~ —_— 
i 
6 
é 


: . S ‘ns 


n 
(2) + a and 
ds. 
(3) k= ae 1/k, 


Given any smooth curve C in the elliptic plane 


with curvature k(s) we have 


as 
(4) y ds « \ — ds = ( ds. = L , the length 
C C ds. x C n n 


of the dual curve. This contrasts with the results in 
Buclidean plane geometry ( k ds = 217 for any simple 
closed Jordan curve. , 

The integral (4) is over the curve C on the unit 
sphere in "? and L. is the length of the dual in 
spherical geometry. However (4) still holds for the 
elliptic plane (sphere with antipodal points identified) 
eince the path of integration will be trice eround the 
curve and the integral will be twice the length of the 
(elliptic) dual. Simuler remarks hold for equations (9) 


and (10) of the next section. 
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IV Quesi-Duality for Curves in 5? ana ¢@ 


For curve C in elliptic spece 5? we heve 


x 0 1 0 0 x | 
a8 o a) 
) See) ae ee 
x “s 0 Ks 0 Ky t | 
ni | 0 O -k 5) n 
2x 
where Kay is the elliptic curveture of C and Koy is the 


elliptic torsion of C. The dual to a curve in 5? will 
be a surface, but inspired by the computation in s¢ and 
the results yielded by simular computations in 5? end 
s" we define @ quasi-duel to curve C in 5) as the curve 


C, traced by n and having frame (n, t, x’, %). We 


compute { x, x', x'', x'''/. Prom (1) 


x! oe «jx + k ¢ 
1x 
(2) Hit) = ox! +h t+ +k (-k x' +k n) 
1x 1x 1x 2x 
a Jy ay % n 
= =(1 + kK, x! + ky 't + k,n 


so omitting terms proportional to previous rows 


— 


[ Xs mn’, x’, xf =[X, x', Kats kK o5% 
2 


oad E,y Koy [X, x’, t, ni| _ ki, 


2 
Koy . 


Again the dual of the dual of a curve is the curve itself so 
Fon Ory, 6, Ta “a | 
1n 0 2h | > dsp ’ ds?’ ds 2 
n n n 


k 
-/%, WP, aH Po awe, 
nig? + ani Pri P* sag? + gr* p)| 
“[H, Bp, BN P*, aI? | 
= p(x, a's ni’, ntt/ 
ds 


x 
where Pp = as, as before. We compute 
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2x 
ae = tie = i% s a ae ' = 
(3) ne ko. t Koy + ko, 't -k, x k,*' + k, ” 
F ‘esa tf ~ af -k, ee a 
nit ko. t k., (-k + +k, ) ko! ( k, e '+k, nm) 


a - im . we 1; ad | 
Boa! A X! -k, (-x4k, t) +k, ‘tek, ( kt) 


omitting the unnecessary terms 


fn, n! 7) n! 9 n' “af ~ [n, “Ko,% rat ad i a 1x *| 
. 2 lay a, Se, cel & : , 
Kax Fox [H, t, x’, 7 “ax Sox e 
- apy, 2 3 6 
(4) Kan Kon Kye ko, y rY 


Now using equations (2) 


| x, x', wt, n | =|X, , k ? nJ = Kay 


4 

so, using equations (2) and (3), 
od dn = —_ 
kin 71 Bs ds” a3, i|- 4? »H'', x| 


= pa, -k, t, een 


4 - 97x, 4 2x “[ t, x", | ’ 


ae 
(5) ‘hig “ieee ¢ ; 


From (4) and (5) we have k 6 


2 4 6 2 A 
1x mx f Kon Ka Koy ¢ 
or, if Kay Koy? and # are not ZELO, 


(6) aa 17 Rip : 


Now a ah! -k, Pt but this must be a unit 
n 


vector by lemma 1 so “ko ¢ = +1. We want Je to increase 


with 5, 80 ¢ is poultive, 


(7) Pe 1g 5 Thus 


23 
(8) Kan = Ky Koy a “ky ,/ko, 


The results in equations (6) and (8) and in (3) of 


section [Il were obtained by Hostinsky/4{. 
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Given a smooth curve C in elliptic space with its 


k, (8) and k,(8) we have 


4 ds 
(9) ) x, as =) 7a =) ae ot, = Jae, = bys 


length of the dual curve as in 5? » and 


k k 

in tn 

(10) ) k dg = a ~~ os = K\ ds. = ~) k ads. 

C 1x x “ Kon x C ds Jas x rs in n 
In Euclidean space p? hk, ds 2 27 with equality 

for plane curves, and no simple expression is known for 

fk, ds. 


In 3" we have 


x oO 1 @ ; aoe 0 X 
x! -1 O kK, 0 e « e 9) x! 
ad t ° 

(1a) qe ~ ee ri 
x ® ° 

£ a 

m2 O eee “K(m-2)x 0 K (m-1) x | m2 
nN @ e ® e “K ee) 0 n 


If the curve C with frame (x, x', tas veey Bios n) is 


m 


not completely conteined in a subspace gk of S&S of 


dimension k< m we take as its quasi-dual the curve C 


—_ 


traced by n with frame (i, to» evey bys 7’, =). IF 


C is contained in gk, k< m, we consider its quasi-dual 


in ¢*. 

Let primes (') and latin numerals denote differentiation 
with respect to s,, dots (°) and roman numerals denote 
differentiation with respect to s, and = ds, /ds,- 

Let the symbol ~ denote that only those terms are retained 


which do not result in linear combinations of previous 


vectors (and thus would not affect the value of the 
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determinants to be calculated). Then from (1a) 


a4 4 as . t = 
x me ty ~ Kays 


(11) 


o~ 
5 
t 
= 
— 
) 


: = K (m-2)x"m-2 


x eee K (m1) x" 


o> 


and from (11) and x, x', t,, eeey © 99 tH] = +] we get 


M=—2 
ox @¢@e k 


mec 
Kas 


=> > \ Mm m= 1 
x’, eeeg x dy = Ky k 


(m=-1)x 


m=‘) m= 
= ) ko. ) 


x 
NM" 9 e-7 


9 n | - 


=(m-2) - 


ecoyg X 9 t 


ves Kenia) 


Man 


4 —_ —_ = 

( 2) | ae’ m2? n | = Kay y een K (me) xe 
> ad z = => =a 

[x, x', xf', tos eeogs te?? n | = ky 


Corresponding to equations (11) we have for the dual curve 
=e 
Bo = Knit) zane F 


| (<4) k 


a 2 
mot) x8 (m-2)x°me3 ” 


SL cece syb 


(11a) / a2) - (-1)2-? ener e 


K (m-1) x 2x1 


a-1) amp te k xt Pan 


a 


K (mat) x 


a) 2 (t}%x ooo ky KP” 


(m=-1)x 


and corresponding to equations (12) we have 


~ —926 ec) m= 1 
(n, Yl gy eoey ih a Kay eee E(m=1)n 
> 2e Y= 1) m2 
[My n 9 @ee9 nN , = ky eee E (m-2)n 
(12a) }n, eee 9 K's x] Kan eee *(m-3)n 
7 = (4-3) - —. = m=4 
[n, @eey  ] 9 tas x 9 x | Kan ewe K(a-4)n 
[iy Ty HT", bys coos bye RT, RJ HK 
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Combining (11a), (12), and (12a) and noting that 


In, Mates eeny bys x', x | = Elk x', tas ee ey eee? nl 
m({m+1) 
where oe =e (<1) we find 
3 2 3 
Kin 7 Enbot) K (a-1)x K (m2) x g 
2 6 3 2 6 
Sie “tn €-1) K (mi) x K (m-2)x X (m-3)x ¥ 
(13) 4 8 yet e+ (+1) (+2) 
Kin “on *** “en © Ca eei* (and) & — K (meget) x© 2 
for s = 1, eos M=2 
m-1 m(m+1) /2 
Kan eon K(m-1)n - € em Kigat)s ean Kay 2p 


The argument leading to (7) holds in m-dimensions so 


(14) P= 17 (04) x ° 


Assuming all kK. me O we ie from (13) and (14) 


k 
@5) “ke of > Matix Meads nbc. (m-2)x 


Bona’ SE (met) x 


wes 2 6 
Kon Ka? € fo) K met) x E (mo2)x E (m-3)x is 


vn K(n- x. k > 2k 


m-1)x m2 )x m-4)x ’ 
K(me2)x. K(ma1)x 
k 
(16) ke €, (ee 
n mk 
(m-1)x 
4 3 ' 
KA we m-1)x : m=-2 ) x : m=3)x i m=! )X 
on ape 10 
2n th (m1) 2 
o . 3 2 , 5 
ra 5 3 - e me 
=-y K (m2) x (€,,) *(m-3)x *(ma1)x 


k k 
os TawG jx (~1)? € ) . = (m=4 ) x 


“ K (m1) x * (a 1)x 
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Assume k= - JOT ble for J = 35 «++, 8-1. Then 
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2 
lin K(s-1)n K (m1) x 


B+14+8+.0e+¢+2 


€ Em Ene * ise 1)x K (me 1) x 


(of ,)° 3? (any E a, yr mais 8+1)(8+2)/2 


Lnag ity EY K (nes-1) x K(net)x cantar )/2 “— 


k 
7 herent sign kon 
(m=1) x . 


= (PPARs &. 


ae 1869-3) /2 + (8+1)(8+2)/2 - 8 


-" (2 4)" 2 s+ -F 


where sign Ee 


Hence by induction 


(17) i K (eget) x/*(me1)x eSBs sey Oe 


For s = m-1 this formula does not apply. By (6) and 


equation (3) of section III we have k, = Me. and 


in 


ko, * 1/k,. for m = 2 and m = 3 respectively, For m73 


we have from the last of equations (13) 
a m=1 2 ,m(m+1) /2 
‘ K (m1) x X ( ia2) x ~ Kay ¥ 


n= 1 ne2 
“in Ren *** *(med)n 


& pei )u 


a. aad - 25 ne ae ~- m(m+1)/2 
(-E,) aN (n- an Pe a s)he Kem gygre (at) Kay 
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where sign Seam ~ ye ee 


m (-1) 3a(met)/2 - (m-1)(m-4)/2 - m + 1 
= (a1) +3me1 gai i. 


(16) ve ~1/K (nia) x , me 


fquations (15) through (18) give all the generalized 


curvature quantities for the quasi-dual curve C. 





V Duality for Curves and Surfaces in 5? 


We first find the dual of a curve C in 5? given 


together with its frame and Frenet matrix 


x o fF Oo BW) sk 

om a = 
(1) or x! 1 0 ky 0 : 

es 0 ok, 0 Ko es 

n 0 0 “kK, O/;\n 
where [xX x, ®3> nl! = Te 


if we think of C as a class curve, the envelope of 
its tangent vectors x’ (x' is the intersection with the 
unit sphere in 4 of the plane of x and x'), its dual will 
be the developable surface 5 generated by the dual lines 
which are the intersection with the unit sphere in x4 of 


the planes of @, and n. Whereas x represents the point 


3 


coordinates of curve C in gf, @,An representa the line 


3 

coordinates in the Grassman manifold G, , (see Auslander 
9 

[5] » 176) of the rulings of S. 


Calculating from (1) by the rules of exterior calculus, 


as in the example 


a aah _ a 7) = a> _ 
aa 63m) = apes 18 + 6,4 Gn 
~ ! a ae _ as = = _~ Zs _ 
( kx? + kon)an + @ 5 AC ko@s) k,ZMR , 


ve obtein for the surface S dual to C 


be 0 0 ) 0 Q nk, ,An 
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Given a surface 5 in 5S” we have two cases. If S is 
a developable surface the tangent plane ~ at a point 0 
is tangent at every point of the ruling through 0. The pole 
P of ~ is the dual point corresponding to every point 
of the ruling. The points dual to the rulings generate a 
curve C dual to the developable surface 5S. 

If S$ is not developable, let S be given by x = x(u,v). 
Take the unit surface normal nH and unit vectors 6,, e, in 
the tangent plane of S such that x, Co» Gy, h form an 


orthonormal frame and [Xs €p @5, mJ = +1, 


We have given 


x 0 ia “se 0 x 
(3) r & i = 23 ““aa\{ 2 
ins ies ne Te 
n 0-4, =e 4 ° n 


so dx = O1@5 + g%s 


By Poincare's formula (Guggenheimer /6] p 190) 4aaX = 0 
so by (3) and exterior differentiation 


O = dwve 


geo + 41 (-%,% + (538, + 540) 


io % ¢ wy o< r: € Y 
+ d5e, + 2yA( pX = “oz8@ + * 340) : 


But X, @,, @ ,» mn are linearly independent so their 


3 


coefficients must vanish, in particular for n, so 


ee oe ae ae) | = 0. 


Then by Cartan's theorem (Guggenheimer (6] p 189) there is 


a frame X, @,*, @.*, mn such that the eecond fundamental 


2 


form II = dx.dn is diagonal, i.e. 
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The invariants k& 


of the surface S and are related to the Gause curvature, 


K, and mean curvature, H, of the surface by 


K = k 4k, 


H = &(k, + ke) 


From (4) the fundamental forms of the surface S are 


oi res E. 2 gee 
I= dx&.edx = 4 + 9 


Ik = dx.dn = k 44° * Koo 


ges a4 2 2 
III = an.dn = kj," +k, 
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s0 we have the relation 


2 2 2 2 2 
En(+, Fg) = (eek) (Ei, t Bes) + 
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(5) » KG = 8h (Ie ITI < 0 
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Now the direction dual to hyperplane 
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Or 


is fi. From (3) dn = wig Py - 34 


tangent plane in 5? of the dual Sn to surface &. So 


ssi 


has normal direction x and frane 
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Thue from (3) To III, I1,;= i, Itd, = 1 wee 


by equation (5) 


Roi -"2n Tt. + Til =F itl sek, Pile F = 0 
non non n ‘1 n 
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4? ky are the principal curvatures 
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and this must be the 
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so if K # 0, kK 1/K and HO? H/K are the Gauss and 
mean curvatures of the dual surface one 


For Swe have corresponding to (4) 
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are the principal curvatures of the dual surface Sine 
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